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EXOTIC MULTIPLICATIONS ON PERIODIC COMPLEX BORDISM
JEREMY HAHN AND ALLEN YUAN
Abstract. Victor Snaith gave a construction of periodic complex bordism by inverting the
Bott element in the suspension spectrum of BU . This presents an E∞ structure on periodic
complex bordism by different means than the usual Thom spectrum definition of the E∞-ring
MUP . Here, we prove that these two E∞-rings are in fact different, though the underlying
E2-rings are equivalent. Nonetheless, we prove that both rings E∞-orient KU∧2 and other
forms of K-theory.
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1. Introduction
The periodic complex bordism spectrum MUP is the Thom spectrum of the tautological
bundle over BU × Z. This is not just a spectrum, but a ring spectrum, and the connection
between homotopy commutative ring maps MUP −→ E and formal group laws forms the basis
of chromatic homotopy theory. In fact,MUP is not just a homotopy commutative ring spectrum,
but an E∞-ring spectrum. A large amount of attention in recent years [HL18, And95, Wal08,
Mo¨l10, Zhu17] has been put into variations of the following fundamental question:
Question 1. What E∞-ring spectra E receive E∞-ring homomorphisms MUP −→ E?
To make sense of the above question, one must be very clear about how the E∞-ring structure
on MUP is defined. As the authors understand it, the usual definition of this structure, due to
[BMMS86], runs as follows:
Consider the unstable J-homomorphism, which is the symmetric monoidal functor
J :
∐
n
BU(n) ≃ {Complex Vector Spaces}≃ −→ Spaces
that sends a d-dimensional complex vector space V to its one-point compactification SV , a
2d-dimensional sphere. After further composing with the suspension spectrum functor
Σ∞ : Spaces −→ Spectra,
the J-homomorphism takes values in the subgroupoid of invertible spectra and their automor-
phisms, known as the Picard category of Spectra. This implies that J factors through the group
completion of the category of complex vector spaces, giving a stable J functor
J : BU × Z ≃ {Virtual Complex Vector Spaces}≃ −→ Pic(Spectra) ⊂ Spectra.
1
EXOTIC MULTIPLICATIONS ON PERIODIC COMPLEX BORDISM 2
Since this stable J functor is symmetric monoidal, its colimit, MUP, acquires an E∞-ring struc-
ture [LMSM86, ACB19].
Convention 1.1. Throughout this paper, whenever we refer to MUP as an E∞-ring spectrum,
we always give it the E∞-ring structure constructed above.
In contrast, consider the following alternate construction of the periodic complex bordism
spectrum by Snaith [Sna81]:
Since BU ≃ Ω∞Σ2ku is an infinite loop space, Σ∞+ BU is an E∞-ring spectrum. Given an
element in the homotopy of an E∞-ring spectrum, we may invert that element to obtain another
E∞-ring. In particular, we may invert the suspension of the Bott element β : S
2 −→ BU ,
considered as an element in stable homotopy β ∈ pi2(Σ
∞
+ BU).
Theorem 1.2 (Snaith [Sna81]). There is an equivalence of homotopy commutative ring spectra
Σ∞+ BU [β
−1] ≃MUP.
Our aim, when beginning this project, was to upgrade Snaith’s theorem to an equivalence
of E∞-ring spectra. We were thus surprised to obtain the following result, which is the main
theorem of this paper:
Theorem 1.3. There is an equivalence of E2-ring spectra
Σ∞+ BU [β
−1] ≃MUP,
but there is NOT an equivalence of E5-ring spectra. In particular, there is no equivalence of
E∞-rings.
Remark 1.4. In order to prove Theorem 1.3, we will construct a certain E∞-ring structure on
HZP , by which we denote periodic integral homology. By construction, there will be an E∞-ring
homomorphism MUP −→ HZP , but we will show that there can be no E5-ring homomorphism
Σ∞+ BU [β
−1] −→ HZP . As we will explain, one interpretation of our result is that ‘no choice of
total Chern class can be a five-fold loop map.’ This is related to another result of Snaith [Sna77],
which states roughly that ‘the usual choice of total Chern class is not an infinite loop map.’
Despite the plethora of work that has gone into understanding the standard multiplication
on MUP [And95, HL18], there are some reasons to prefer the ‘exotic’ multiplication that is
Σ∞+ BU [β
−1]. Perhaps the main reason is the latter’s clear connection to topological complex
K-theory, as mediated through another theorem of Snaith:
Theorem 1.5 (Snaith [Sna81]). There is an equivalence of homotopy commutative ring spectra
Σ∞+ CP
∞[β−1] ≃ KU.
Remark 1.6. Unlike with periodic complex bordism, the above equivalence can be lifted to
one of E∞-ring spectra. This folklore result follows from the existence of a symmetric monoidal
inclusion functor
CP
∞ ≃ {Complex Lines,⊗}≃ −→ {Virtual Complex Vector Spaces,⊗}≃ ≃ BU × Z.
Since the determinant map
BU −→ BU(1) ≃ CP∞
is an infinite loop map, one has the following theorem:
Theorem 1.7 (Snaith). There is a map of E∞-ring spectra
Σ∞+ BU [β
−1] −→ Σ∞+ CP
∞[β−1] ≃ KU.
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This construction of an E∞-orientation of KU is so canonical that it can be ported into other
settings, such as motivic homotopy theory [GS09]. In contrast, while it seems to be folklore that
there is an E∞-ring homomorphism
MUP −→ KU,
the authors could find no proof of this in the literature. We provide in the final section of this
document a computational proof of the slightly weaker result that there is an E∞-ring map from
MUP into the 2-completion of KU . We prove this as part of a more general story.
Definition 1.8. A form of K-theory (at the prime 2) is a Morava E-theory corresponding to a
height 1 formal group over F2. [Mor89, Sia15]
Remark 1.9. Forms of K-theory are E∞-ring spectra. They are 2-periodic, with each odd
homotopy group isomorphic to 0 and each even homotopy group isomorphic to the 2-adic integers
Z2. Choosing the multiplicative formal group over F2 yields a form of K-theory that is the 2-
completion KU∧2 of topological complex K-theory.
Theorem 1.10. Let E denote a form of K-theory. Then there is both an E∞-ring homomor-
phism
MUP −→ E
and an E∞-ring homomorphism
Σ∞+ BU [β
−1] −→ E.
Remark 1.11. We believe that slight variants of our arguments work just as well at odd primes
p > 2. We work at the prime 2 for simplicity. Our arguments do not provide orientations of
Morava E-theories E(k,G) associated to larger characteristic 2 fields k, unless the formal group
G over k is isomorphic to one pushed forward from a height 1 formal group over F2.
Remark 1.12. Highly structured MU (as opposed to MUP ) orientations of forms of K-theory
have been constructed in several locations [Mo¨l10, HL18], with the case of p-adic K-theory
receiving particular attention in [Wal08].
A number of open questions are raised by our work here.
Question 2. Is there an E4-equivalence Σ
∞
+ BU [β
−1] ≃ MUP? The authors find such an
equivalence very believable, but find difficulties proving it that are related to the difficulties
Chadwick and Mandell [CM15] encounter when trying to check whether the Quillen idempotent
on MU is E4.
Question 3. Is there an E∞-ring homomorphism MU −→ Σ
∞
+ BU [β
−1]?
Remark 1.13. Tyler Lawson has emphasized to us that there are yet other E∞-ring spectra
that might naturally be called periodic complex bordism, such as the Tate spectrum MU tS
1
. It
would be enlightening to have a catalogue of various E∞ ‘forms’ of periodic complex bordism,
as well as forms of periodic integral homology such as HZtS
1
.
Question 4. In the sense of the previous remark, which forms of periodic complex bordism
orient which forms of periodic integral homology? Is there a form of periodic integral homology
that is E∞-oriented by Σ
∞
+ BU [β
−1]?
Question 5. In addition to the famous open question of which Morava E-theories are E∞-
oriented by MU [HL18], which Morava E-theories are E∞-oriented by which forms of periodic
complex bordism?
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2. Preliminaries
2.1. Periodic Thom Spectra.
Definition 2.1. LetMUP denote the E∞ Thom spectrum [LMSM86] associated to the complex
J-homomorphism
J : ku→ pic S.
There is a canonical element u ∈ pi2(MUP ) such that pi∗(MUP ) = pi∗(MU)[u
±1].
The spectrum ku fits into a cofiber sequence
Σ2ku→ ku→ H Z,
where the Thom spectrum of the composite Σ2ku→ ku→ picS is MU . Therefore, MUP may
alternately be presented as the Thom spectrum of a map H Z → picMU (see [ACB19, §2] for
details in modern language).
Remark 2.2. Applying Ω2 to the inclusion CP∞ → BU yields a double loop map Z→ BU ×Z.
The Thom spectrum of this map Z→ BU × Z is an E2-ring spectrum
P ≃
∨
i∈Z
S2i.
One has that MUP ≃ MU ∧P as E2-rings, but since P is not an E∞-ring, there is no similar
expression for MUP as a smash product of E∞-ring spectra.
Since there is an E∞-ring map MU → H Z, there is a composite map of spectra
H Z→ picMU → picH Z
that sends n ∈ pi0(HZ) to the invertible H Z-module Σ
2nH Z.
Definition 2.3. Let H ZP denote the E∞ Thom spectrum of the map H Z→ picH Z described
above. By construction, H ZP comes with a canonical E∞-ring map MUP → H ZP .
2.2. Complex orientations and total Chern classes. Recall that the integral cohomology
of BU is given by
H∗(BU ;Z) ∼= Z[[c1, c2, · · · ]].
This isomorphism allows one to define the Chern classes of any complex vector bundle V over a
space X . One may assemble these Chern classes into a total Chern class c(V ), which is a power
series in the formal variable u:
c(V ) = 1 + c1(V )u + c2(V )u
2 + · · · ∈ H∗(X ;Z)[[u]].
The total Chern class construction V 7→ c(V ) takes addition of vector bundles to multiplication
of power series.
Definition 2.4. Let E be a homotopy commutative ring spectrum. A complex orientation of
E is a map of homotopy commutative ring spectra MU → E. A periodic complex orientation of
E is a map of homotopy commutative ring spectra MUP → E.
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Remark 2.5. By Remark 2.2, we have an identification of homotopy commutative ringsMUP ≃
MU ∧P . A periodic complex orientation of E is therefore the separate data of a complex
orientation of E and the additional choice of a unit in u ∈ pi2E.
Example 2.6. By construction, there is a canonical periodic complex orientation MUP →
H ZP.
Snaith [Sna81] constructed an equivalence of homotopy commutative rings Σ∞+ BU [β
−1] →
MUP. Composing with the periodic complex orientation MUP → H ZP , we obtain a ring map
Σ∞+ BU → H ZP
which is the same data as a map of H-spaces
BU → GL1H ZP =
∏
i≥1
K(Z, 2i).
Snaith’s equivalence is constructed such that the components of this map correspond to the
elements ci ∈ H
2i(BU ;Z). Together, they assemble to the usual total Chern class
c = 1 + c1u+ c2u
2 + · · · ∈ H ZP 0(BU).
The fact that the map BU → GL1H ZP is a map of H-spaces encodes the fact that the total
Chern class takes sums of vector bundles to multiplication of power series.
Different choices of periodic complex orientation MUP → H ZP beget different notions of
total Chern class. We can describe these other total Chern classes in terms of the above one as
follows.
By the splitting principle, a total Chern class is determined by its value on line bundles, which
is the composite
BU(1)→ BU → GL1H ZP.
For the total Chern class constructed above, this is given by 1 + ut, where t ∈ H2(CP∞) is the
generator. Any other periodic complex orientation of H ZP arises from this one by changing the
coordinate and/or choice of unit. The unit is determined up to sign, and the coordinate can be
changed by any series of the form t 7→ a1t+ a2ut
2 + a3u
2t3 + · · · where ai ∈ Z and a1 = ±1 is a
unit. We can therefore associate to any ring map MUP → H ZP its corresponding total Chern
class for line bundles, which is a series
r(t) = 1 + a1ut+ a2u
2t2 + a3u
3t3 + · · · ∈ H ZP 0(CP∞),
where ai ∈ Z are integers and a1 = ±1 is a unit.
2.3. Power operations on MUP . Let X be a space and let E be an E∞-ring spectrum.
Suppose that we are given a class γ ∈ E0(X), represented by a map γ : Σ∞+X → E. The
composite
(Σ∞+ X)hC2 → (Σ
∞
+ (X ×X))hC2 → (E ∧E)hC2 → E
determines a new cohomology class which we denote P 2E(γ) ∈ E
0(X ×RP∞) and refer to as the
total power operation on γ. This construction has the following elementary properties:
Lemma 2.7 ([BMMS86], Corollary II.1.6). Let X,E as above and a, b ∈ E0(X). Then the
following formulas hold:
(1) P 2E(ab) = P
2
E(a)P
2
E(b).
(2) P 2E(a + b) = P
2
E(a) + P
2
E(b) + tr(ab) where tr : E
0(X) → E0(X × RP∞) is induced by
the stable transfer Σ∞+ BC2 → S.
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We will be concerned with the special case X = CP∞, E = MUP , and where γ = ut ∈
MUP 0(CP∞) is the composite
CP∞
t
−→ Σ2MU
u
−→MUP
of the canonical class t ∈MU2(CP∞) with the periodicity element. We have that
MU∗(CP∞ × RP∞) =MU∗[[t, z]]/([2]MU (z)),
where z ∈MU2(RP∞) is the pullback of t under the natural map RP∞ → CP∞. Analogously,
MUP ∗(CP∞ × RP∞) ≃MU∗[[t, z]][u
±1]/([2]MU (z)).
Quillen essentially computed the total power operation in MUP cohomology:
Proposition 2.8 ([Qui71]). The total power operation on ut ∈MUP 0(CP∞) is given by
P 2(ut) = u2t(t+MU z) ∈MUP
0(CP∞ × RP∞).
Proof. We analyze the diagram
Σ∞+ (CP
∞ × RP∞) Σ∞+ (CP
∞ × CP∞)hC2
(Σ2MU ∧Σ2MU)hC2 (MUP ∧MUP )hC2
Σ4MU MUP.
P˜ 2
MU
(t)
D2(t)
α
u2
The map α is defined to be the composite
(Σ2MU ∧Σ2MU)hC2 ≃ (Σ
2ρMU ∧MU)hC2 → (Σ
4MU ∧MU)hC2 → Σ
4MU
of the Thom isomorphism with the multiplication on MU . The dashed composite, which we
have named P˜ 2MU (t), was computed by Quillen [Qui71] (see also [Rud98, Theorem 7.12] and
[Pet18, Lemma 2.5.6]) to be t(t +MU z). It therefore suffices to show that the bottom right
square commutes.
To show this, we realize the square as the Thomification of another square. For n ∈ Z, let
in : BU → BU × Z be the inclusion of the component corresponding to virtual dimension n
complex vector spaces. We have a commutative square
(BU ×BU)hC2 ((BU × Z)× (BU × Z))hC2
BU BU × Z Pic(S)
i1×i1
i2 J
where the vertical maps are induced by direct sum of vector spaces. Applying Thom spectra to
this diagram, we obtain the desired square. 
Remark 2.9. The proof essentially says that the E∞ structure on MUP extends the classical
H2∞ structure onMU [BMMS86, Corollary VIII.5.3]. In the language of [Law18, Problem 1.3.7],
the map Z→ Pic(MU) defining MUP refines the H2∞ structure on MU to an E
2
∞ structure.
Proposition 2.8 also allows us to compute power operations in E∞-ring spectra which receive
an E∞-ring map from MUP . In particular, using the fact that H Z carries the additive formal
group law, we deduce the following formula for power operations in H ZP .
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Corollary 2.9.1. Let ut ∈ H ZP 0(CP∞) be the class coming from the complex orientation.
Then
P 2H ZP (ut) = u
2t(t+ z).
In addition, we will record the following basic lemma about power operations in H ZP :
Lemma 2.10. The following formulas hold:
(1) Let X be a space and a, b ∈ H ZP 0(X). Then
P 2H ZP (a+ b) = P
2
H ZP (a) + P
2
H ZP (b) + 2ab.
(2) The power operation on n ∈ pi0(H ZP ) ≃ Z is given by P
2
H ZP (n) = n
2.
Proof. The first statement follows from the first statement of Lemma 2.7 by observing that the
transfer in H ZP is just multiplication by 2. The second statement follows by using P 2H ZP (1) = 1
and inducting using the first statement. 
3. Obstructions
We now turn to the proof of Theorem 1.3. The first half follows from:
Proposition 3.1. Any map of homotopy commutative rings
Σ∞+ BU [β
−1]→MUP
can be promoted to an E2-map.
Proof. Let Σ∞+ BU [β
−1]→MUP be a map of homotopy commutative rings. The resulting map
Σ∞+ BU → Σ
∞
+ BU [β
−1]→MUP
lifts to an E2-ring map by [HY19, Theorem 6.1] and has the property that the Bott element
is inverted. It therefore extends to an E2-ring map Σ
∞
+ BU [β
−1] → MUP agreeing with the
original map by [MNN15, Theorem A.1]. 
For the second half, we note that if there was indeed an equivalence of E5-ring spectra
Σ∞+ BU [β
−1] ≃ MUP , then one would obtain an E5-ring map Σ
∞
+ BU [β
−1] → H ZP . Thus,
Theorem 1.3 follows from the following stronger claim:
Theorem 3.2. There does not exist a map of E5-rings Σ
∞
+ BU [β
−1]→ H ZP .
Proof. Let us suppose that such a map existed, arising from a map r : Σ∞+ BU → H ZP . By the
discussion following Example 2.6, we obtain a total Chern class for line bundles
r(t) = 1 + a1ut+ a2u
2t2 + a3u
3t3 + · · · ∈ H ZP 0(CP∞)
where ai ∈ Z and a1 = ±1.
There is a canonical map CP∞ = BU(1)→ BU classifying the bundle L − 1. We will prove
the theorem by examining the following diagram, which is constructed from r and the inclusion
CP∞ → BU :
CP∞ × RP 4 (Σ∞+ BU ∧Σ
∞
+ BU ∧Config2(R
5)+)hC2 (H ZP ∧H ZP ∧Config2(R
5)+)hC2
CP∞ × RP∞ (Σ∞+ BU ∧Σ
∞
+ BU)hC2 (H ZP ∧H ZP )hC2
Σ∞+ BU H ZP.
δ D2(r)
µBU µH ZP
r
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The top left and top right squares tautologically commute. If the map Σ∞+ BU → H ZP
were E∞, then the bottom right square would also commute. If that map were only E5, then the
bottom right square need not commute, but we would see that the long composites CP∞×RP 4 →
H ZP would agree. We show that this is not the case.
Namely, we compute the maps r◦µBU ◦δ and µH ZP ◦D2(r)◦δ as elements in the cohomology
group
H ZP 0(CP∞ × RP∞) ≃ Z[[ut, uz]]/(2uz),
and then show that they do not agree upon restriction to
H ZP 0(CP∞ × RP 4) ≃ Z[[ut, uz]]/(2uz, (uz)3).
Notation. For ease of notation, we set t˜ := ut and z˜ := uz for the remainder of the proof.
Computation 1: r ◦ µBU ◦ δ ∈ H ZP
0(CP∞ × RP∞).
This amounts to the computation of the total Chern class (as defined by r) of a certain vector
bundle on CP∞ × RP∞. To describe this vector bundle, note that there is a commutative
diagram of spaces
CP∞ CP∞ × CP∞ BU ×BU
CP∞ × RP∞ (CP∞ × CP∞)hC2 BU.
The diagram classifies the bundle (L−1)⊕ (L−1) over CP∞, and the bottom row arises from
observing that this bundle is equivariant with respect to the swap action. Thus, the bundle over
CP∞ ×RP∞ classified by µBU ◦ δ is (L− 1)⊗ ρ, where ρ is the complex regular representation
of C2 over RP
∞ = BC2.
Let σ denote the complex sign representation, so that ρ = σ ⊕ 1. The bundle then splits into
lines as
(L − 1)⊗ ρ = L ⊗ σ + L − σ − 1.
Then the class of r ◦ µBU ◦ δ is simply the total Chern class of this bundle, which we can
compute as:
r(L ⊗ σ + L− σ − 1) =
r(L ⊗ σ)r(L)
r(σ)
=
r(t+ z)r(t)
r(z)
.
Computation 2: µH ZP ◦D2(r) ◦ δ ∈ H ZP
0(CP∞ × RP∞).
This is the total power operation on the class in H ZP 0(CP∞) represented by the composite
Σ∞+ CP
∞ = Σ∞+ BU(1)→ Σ
∞
+ BU
r
−→ HZP.
In the notation of Section 2, this is P 2H ZP (r(t)) = P
2
H ZP (1 + a1t˜ + a2t˜
2 + · · · ). By part (a) of
Lemma 2.10,
P 2H ZP (1 + a1t˜+ a2 t˜
2 + · · · ) = P 2(1) + P 2(a1t˜) + P
2(a2t˜
2) + · · ·+ (cross terms)
= 1 + a21t˜(t˜+ z˜) + a
2
2t˜
2(t˜+ z˜)2 + · · ·+ (cross terms),
where we have used the fact that P 2 is multiplicative and P 2H ZP (a) = a
2 for a ∈ pi0H ZP.
To see that the E5-ring map in the theorem cannot exist, it suffices to show that following:
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Claim 3.3. The elements
r(t+z)r(t)
r(z) and P
2
H ZP (r(t)) are not equal in H ZP
0(CP∞×RP∞). In
fact, they remain unequal under the map
H ZP 0(CP∞ × RP∞) ≃ Z[[t˜, z˜]/(2z˜)։ Z[[t˜, z˜]/(2z˜, z˜3) ≃ H ZP 0(CP∞ × RP 4).
Suppose the equation
r(t+ z)r(t) = P 2H ZP (r(t))r(z)
holds modulo z˜3 and 2z˜. We explicitly compute part of the z˜ and z˜2 coefficients. First, since z˜
and z˜2 are 2-torsion in the ring and the cross terms in our computation for P 2H ZP (r(t)) were all
divisible by 2, we may safely ignore them in what follows. We are therefore looking to compare
the z˜ and z˜2 coefficients, mod 2, of the two expressions,
r(t+ z)r(t) = (1 + a1(t˜+ z˜) + a2(t˜+ z˜)
2 + · · · )(1 + a1 t˜+ a2t˜
2 + · · · )
and
(1 + a21t˜(t˜+ z˜) + a
2
2t˜
2(t˜+ z˜)2 + · · · )(1 + a1z˜ + a2z˜
2 + · · · ).
By comparing z˜2t˜ coefficients mod 2 (and using that a2i ≡ ai (mod 2)), we find the relation
a1a2 + a3 = a1.
Recall that a1 = ±1, and so a1 ≡ 1 (mod 2). This implies that a2 + a3 ≡ 1 (mod 2).
On the other hand, by comparing z˜2t˜2 coefficients, we find that
a2 + a1a3 = a2 + a1a2.
This means that a2+a3 ≡ 0 (mod 2), which contradicts the previous condition. This proves the
claim and the theorem follows. 
4. Orientations
The determinant homomorphism BU → CP∞ induces an E∞-ring map
Σ∞+ BU [β
−1] −→ Σ∞+ CP
∞[β−1] ≃ KU.
It seems more delicate to construct an E∞-ring map
MUP −→ KU.
In fact, while the authors feel that such an orientation is ‘well-known,’ we could not locate a
reference in the literature. We record in this section a simple homotopy-theoretic proof that there
is an orientation of at least the 2-completion ofKU . In fact, we will prove the stronger result that
any form of K-theory in the sense of Morava [Mor89, Sia15] receives an E∞-MUP -orientation.
Definition 4.1. A form of K-theory (at the prime 2) is a Morava E-theory corresponding to a
height 1 formal group law over F2.
Remark 4.2. Forms of K-theory are E∞-ring spectra. They are 2-periodic, with each odd
homotopy group isomorphic to 0 and each even homotopy group isomorphic to the 2-adic integers
Z2. Choosing the multiplicative formal group law over F2 yields a form of K-theory that is the
2-completion KU∧2 of topological complex K-theory.
The remainder of this section will consist of the proof of the following:
Theorem 4.3. Let E denote a form of K-theory. Then there is both an E∞-ring homomorphism
MUP −→ E
and an E∞-ring homomorphism
Σ∞+ BU [β
−1] −→ E.
Remark 4.4. We leave to the interested reader the variation of the above result for p > 2.
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To produce either of the E∞-ring maps promised by Theorem 4.3 it is helpful to record the
following lemmas:
Lemma 4.5. Let ku∧2 denote the connective cover of KU
∧
2 . Then there are no non-trivial maps
of spectra
ku −→ Σku∧2 ,
ku −→ Σ3ku∧2 , or
ku −→ Σ5ku∧2 .
Proof. In [AL17] it is remarked that the Adams spectral sequence
Exts,tA (H
∗(ku;F2), H
∗(ku;F2)) =⇒ pit−sHom(ku
∧
2 , ku
∧
2 )
converges and has E2-term isomorphic to
Exts,t
E[Q0,Q1]
(F2, H
∗(ku;F2)).
By either the final paragraph of [AL17] or [AP76, Lemma 3.8 & Table 3.9], it is seen that there
are no classes present on this E2-page with t− s = −1,−3, or −5. 
Lemma 4.6. Suppose that E is a form of K-theory. Then there are equivalences of spectra
ku∧2 ≃ τ≥0E, and
Σ4ku∧2 ≃ τ≥3gl1(E).
Proof. Our arguments closely follow those in [AP76].
The spectrum τ≥0E has a Postnikov tower with primary k-invariants
Σ2kHZ2 −→ Σ
2k+3HZ2,
for k ≥ 0. The 2-periodicity of E implies that all of these primary k-invariants are the same
up to suspension. Since E is a Morava E-theory associated to a height 1 formal group law,
there is a homotopy ring map BP −→ τ≥0E that is non-trivial on pi2. This is enough to show
(by comparison with the k-invariants in BP ) that the primary k-invariants in τ≥0E are all
suspensions of the Milnor operation Q1 : HZ2 −→ Σ
3HZ2.
It follows as in [AP76, Proposition 2.1] that the Postnikov tower spectral sequence
Es,t1 =
⊕
s
Ht(Σ2sHZ2;F2) =⇒ H
∗(τ≥0E;F2)
degenerates on the E2-page onto the 0-line, proving that
H∗(τ≥0E;F2) ∼= H
∗(ku;F2) ∼= A//E[Q0, Q1]
as modules over the Steenrod algebra A. Applying [AP76, Theorem 1.1], we conclude that
τ≥0E ≃ ku
∧
2 .
To prove that
Σ4ku∧2 ≃ τ≥3gl1(E),
note that Ω∞τ≥3gl1(E) ≃ Ω
∞τ≥3E ≃ BSU
∧
2 and apply [AP76, Corollary 1.3]. 
Proof of Theorem 4.3. We are now ready to produce the claimed E∞-ring map
Σ∞+ BU [β
−1] −→ E.
By the universal property of gl1, it suffices to make a spectrum map
Σ2ku −→ gl1(E)
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which sends β ∈ pi2(ku) to a unit in pi2(gl1(E)) ∼= pi2(E). This is the same as producing a
spectrum map
Σ2ku −→ τ≥2gl1(E)
solving the following lifting problem
τ≥2gl1(E)
Σ2ku Σ2HZ Σ2HZ2.
The obstruction to making such a lift is the composite map
Σ2ku −→ Σ2HZ −→ Σ2HZ2 −→ Στ≥3gl1(E).
By Lemmas 4.5 and 4.6, this obstruction is necessarily 0.
Next, we turn to the question of producing an E∞-ring homomorphism from MUP to E.
By the theory of Thom spectra (due to [LMSM86] and written in more modern language by
[ABG+14],[ACB19]), it suffices to check that the composite
ku −→ pic(S) −→ pic(E)
is nullhomotopic.
Since E is even periodic, the map ku −→ pic(E) is 0 on pi0. This ensures the existence of a
factorization
Σgl1(E)
ku pic(S) pic(E).
f
Our strategy will be to prove that an arbitrary map
ku
f
−→ Σgl1(E)
must be nullhomotopic.
First, note that the composite
Σ4ku
β2
−→ ku
f
−→ Σgl1(E)
must factor through Στ≥3gl1(E). By Lemmas 4.5 and 4.6, it is therefore nullhomotopic. This
provides a quick proof of an E∞ MSU orientation of E; we will next show an MU orientation,
and then finally the desired MUP orientation.
Consider the composite
Σ2ku
β
−→ ku
f
−→ Σgl1(E).
Since this map is null when pulled back to Σ4ku, it must in fact factor as a composite
Σ2ku −→ Σ2HZ −→ Σgl1(E).
By Lemma 4.6, there is a Postnikov fiber sequence
Σ5ku∧2 −→ τ≥2Σgl1(E) −→ Σ
3HZ2.
Since there are no nontrivial maps Σ2HZ −→ Σ3HZ2, we have a factorization
Σ5ku∧2
Σ2ku ku Σgl1(E),
f
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and we may conclude from Lemma 4.5 that the bottom composite is null.
It remains to show that the map
ku
f
−→ Σgl1(E)
is itself null. By the above discussion, it factors as a composite
ku −→ HZ −→ Σgl1(E).
There are no non-trivial maps HZ −→ τ≤1Σgl1(E) ≃ ΣH Z
×
2 , and so there is a lift
ku −→ HZ −→ τ≥2Σgl1(E).
Now consider the fiber sequence
Σ5ku∧2 −→ τ≥2Σgl1(E) −→ Σ
3HZ2.
While there is one possible non-trivial map HZ −→ Σ3HZ2, that map becomes trivial when
precomposed along the projection ku −→ HZ. It follows that the map of interest
ku
f
−→ Σgl1(E)
factors through τ≥4Σgl1(E) ≃ Σ
5ku∧2 , and we finish by Lemma 4.5.

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